Abstract. This paper studies the differentiability properties of the projection onto the cone of positive semidefinite matrices. In particular, the expression of the Clarke generalized Jacobian of the projection at any symmetric matrix is given. (2000): Primary: 49R50, 49J52; secondary 26E25, 47A75.
1. Introduction
MOTIVATIONS
Let M n be the Euclidean space of n Â n real matrices equipped with the standard inner product bA, BÀ = trace (A B B) =~i j A ij B ij . Denote by S n the subspace of symmetric matrices and by S + n the cone of symmetric positive semi-definite matrices. Denote the projection from S n onto S + n by P S n þ . Since S + n is a closed and convex set, this projection is well defined and globally Lipschitz on S n , see Proposition A.3. These are the questions that we answer in this paper. In particular, using differentiability properties of spectral functions, our development culminates in Theorem 3.7 giving a complete description of the Clarke generalized Jacobian.
In the general context of the projection onto a closed convex set, Question (iii) above was first formulated in [5].
BASIC NOTATION
By R n # we denote the set of vectors from R n with coordinates ordered in nonincreasing order. The function ! : S n ! R n # maps a symmetric matrix to the vector of its eigenvalues, ordered non-increasingly:
For any vector x in R n , by Diag x we denote the diagonal matrix with vector x on the main diagonal, and by diag : M n ! R n we denote its dual operator: diag (X) = (X 11 , . . . , X nn ). By p X we denote the number of the positive eigenvalues of X 2 S n , by q X the number of negative ones, and by n X the multiplicity of 0 as an eigenvalue. Clearly
We denote by O(n) the compact group of n Â n orthogonal matrices and by P n the finite subgroup of permutations matrices. We denote the set of all orthogonal matrices that give the ordered spectral decomposition of X by O(n)
X
, that is,
For instance, observe that O(n) X = O(n) if X = 0. Spectral functions are functions on S n invariant under conjugation by elements from O(n): F(X) = F(U B XU). Restricting a spectral function F to the subspace of diagonal matrices shows that
where f(x) = F(Diag x) is a symmetric function on R n , that is, f(x) = f(Px) for any P 2 P n . Thus, spectral and symmetric functions are in one-to-one correspondence. Many properties of F are inherited from its corresponding f and vice versa. For example, F is convex on S n if, and only if, f is convex on R n , see [2] . Moreover, F is differentiable or twice differentiable at X 2 S n if, and only if, f is such at !(X), see Theorem 1.5 below.
TENSOR NOTATION
To conveniently handle the formulae for the first and second derivatives of spectral functions f ) !, we use some of the notation introduced in [11] .
